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Extra dimension provides an attractive way to break symmetry by boundary conditions which can 
be useful to construct a natural grand unified theory avoiding the doublet-triplet splitting problem 
and the proton decay problem. It can provide also an elegant mechanism to generate hierarchical 4- 
dimensional Yukawa couplings, involving the quasi-localization of matter fields in extra dimension. 
We discuss the Kaluza-Klein threshold corrections to low energy gauge couplings in generic 5- 
dimensional orbifold grand unified theories with quasi-localized matter fields, and apply the results 
to some class of SU{5) models on /Z2 x Z2. 

o : 

O I. INTRODUCTION 

(N : 

, Grand unification of the strong and electroweak forces is a highly persuasive idea for physics at high energy 
' scales. However conventional 4-diniensional (4D) grand unified theories (GUTs) have suffered from the doublet- 
' ' [ triplet splitting problem and also the problem of too rapid proton decay. GUTs in (orbifolded) higher dimensional 
' spacetime can avoid these problems by employing the symmetry breaking by boundary conditions [1]. Extra dimension 
' can provide also an elegant mechanism to generate hierarchical Yukawa couplings [2]. The quark and lepton fields 
^ I can be quasi-localized in extra dimension in a natural manner, and then their 4D Yukawa couplings are determined 
I by the wavefunction factor e^*^'^^ where M is a combination of mass parameters in higher dimensional theory and 
^-H : R is the radius of extra dimension. This allows that hierarchical Yukawa couplings arc obtained from fundamental 

mass parameters having the same order of magnitudes. 
T-H In any GUT, heavy particle threshold effects at GUT symmetry breaking scale should be taken into account for 

• a precision analysis of low energy gauge couplings g^. In conventional 4D GUT, those threshold corrections to l/g^ 
[ are generically of the order of I/Stt^ and thus not so important. However higher dimensional field theory contain 
(infinitely) many Kaluza-Klein (KK) modes, so can have a sizable threshold correction [3]. It is then essential to 
' include the KK threshold corrections in the analysis of low energy couplings in higher dimensional gauge theories. 
In this talk, we discuss the KK threshold corrections in generic 5D orbifold field theories with quasi-localized matter 
O • fields [4], and apply the results to some class of SU{5) models on /Z2 x Z2. 

II. YUKAWA COUPLINGS OF QUASI-LOCALIZED MATTER FIELDS 



X 



. , Hierarchical Yukawa couplings can be naturally obtained if the matter fermions are quasi-localized in extra dimen- 
■ sion [2]. To see this, consider a 5D theory on /Z2 with coordinate y = y + 2ttR, containing generic bulk fermions 



and also a brane Higgs field confined at y = ttR 

j (fx[ i^ii-i'-'DM + Mieiy))^! 



(1) 



Here e{y) = y/\y\, A denotes the cutoff scale, and A/,/ are dimensionless brane Yukawa couplings. The 5D fermion 
has the boundary condition 

*/(-?/) = z/75*/(y), ^/(-y') = z/75*/(2/') , 
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where y' = y — ttR, zj = ±1, and ijji = ^(1+75)^'/ (if zj = 1) or ^(l +75)^'^ (if zj = —1). For any value of the kink 
mass Mje{y), has a chiral zero mode 

tPoi = exp{-ziMiRy) , (2) 

which is quasi- locaHzed at y = or tt depending upon the sign of Mj. The 4D Yukawa coupHngs of these quasi- locaUzed 

zero modes are given by 



yij = y/Z{ziMi)Z{zjMj) \ij (3) 

where 



Obviously, the 4D Yukawa couplings yu can have hierarchical values even when the values of A/j are similar to each 
other. For instance, if ziMj and zjMj < — we have 



yij^\ij^\MiMj/K'\, (4) 

while for ziMi and zjMj > 1/R, 



yij « Xjj^\MiMj/K-'\ e-(-^M,+.,M,).ij _ (5-, 

The physical interpretation of this result is simple. If zi^jMj^j > 1/R, the corresponding zero modes are quasi- 
localized at y = 0, so the Yukawa couplings are exponentially suppressed as they originate from y = tt. On the other 
hand, for zj^jMj^j ^ —1/R, the zero modes are localized at y = n, so there is no suppression of Yukawa couplings. 



III. KALUZA-KLEIN THRESHOLD CORRECTIONS 



The model we study here is a generic 5D gauge theory on /Z^ x Z^ which is described by 

1 



d xdy 



riaMN 77a 



+i *(7*^I?M + Me(y))*| 



where 



1 



1 



55a 55a 5oa ffwa 

= 771^ + 2ij,S{y) - 2n'5{y - ttR). 
The 5D fields in the model can have arbitrary Z2 x Z2 boundary condition, 



(f){-y) = z^(f){y) , 0(-y') = z'^(j){y') , 

*(-?/) = z*75*(y) , ^(-y') = 475*(j/') , 
A-{-y) = ZaA-^iy) , ^"(-y') = <A«(y') , 



(6) 



(7) 



with z'i^ = ±1 ($ = <p, ). A 5D complex scalar field <p has a zero mode for any value of i? if 2;^ = = 1 

and m = n = IJ,', while ^ has a chiral zero mode for arbitrary values of M and R if z^ = z^ = 1. 
The one-loop gauge couplings at low momentum scale p can be written as 



9liP) 



9a/ h 



1 

8^ 



Aa (In A, m,/i,;u',M, R) + ha In 



(8) 



where 



bare 55a 90a 9-Ka "^^^ 
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Aa stand for KK threshold corrections, and ba are the 4D one-loop beta function coefficients. Note that are 
not sensitive to the unknown physics at A, so are calculable within orbifold field theory, while the linearly divergent 
one-loop corrections in (l/ga)barc arc UV-sensitive and thus not calculable. The computation of Aa involves the 
summation over all massive KK modes [5], yielding [4] 



6 

--T„(<^++)ln ^-—^ 

(m++ - + MV+)e-'"++"^ 

2m++A 

1 f (m+- + /x+-)e"+-"« + (m+- - M+-)e-'"+-"^ 
--T„(0+_)ln(^ 

-Ta{<t>-^) In 

--Ta{(p )ln ' 



6 ' V 2m— 
2^,^ / A(eM++^R ^ e-^++^^) 
-,^^(^^^)^[- - 

-^T„(*_+)ln(e^-+-«) 
--T„(*__)ln' ^ 



3 ^ ' \ 2M. 

[Ta«+) + UA^_)] ln(A7ri?) (9) 

where the subscripts represent the Z2 x Z'2 boundary conditions. Here 4>^^^ ++ is a 5D scalar field having zero mode, 
i.e. scalar field with /i = /i' = m, and <p±± stand for other scalar fields without zero mode. The one-loop beta function 

coefficients ba are given by 

ba = -yTa(Af+) + ir„(A^_) + lTa{ct>f+) + ^T„(*++) + ^Ta(*__) (10) 

since A^_^_ gives a massless 4D vector, A^_ a massless real 4D scalar, and \E'±± a massless 4D chiral fermion. In 
supersymmetric limit, we have 

(Aa)suSY = [Ta{V++) + Ta{V..)] HAttR) 



-ra(if+_)ln(e-^+--«) 
-Ta(iJ_+)ln(e*^-+-«) 



-T„(^f-)ln^^ -) 

where Vzz' denotes a vector multiplet, and H^z' is a hypermultiplet with kink mass M^^/. In fact, (Aa)gusY can 
be computed by a different method based on 4D effective supergravity [6], which gives the same result as the direct 
summation over the KK modes. A similar calculation of KK threshold effects can be done for 5D theories with warped 
extra dimension [6]. 
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IV. APPLICATION TO ORBIFOLD GUTS 



To see the importance of KK threshold corrections, let us consider a class of 5D SU{5) orbifold GUTs whose 
effective 4D theory is the MSSM. To break SU{5) by orbifolding, Z2 x is embedded into SU{5) as 



Z2 =diag(+l, +!,+!, +!,+!), 
Z^ = diag(+1, +!,+!, -1,-1). 



(12) 



The model contains matter hypermultiplets Fp{5), Fp{5), Tp(lO) and Tp(lO) (p = 1, 2, 3) with kink masses Mp^, Mp^, 
and Mt^, and also the Higgs hypermultiplets H{5) and H'{5) with kink masses Mh and Mh'. where the numbers 
in brackets represent the SU{5) representation. We assign the Z2 x Z2 parities of these hypermultiplets as 

Z2{Fp) = Z^iFp = Z2{Tp) = Z2{T;) = Z2{H) = Z2{H') = 1 , 
Zl^iFp) = -Z'2{F^) = Z'2{Tp) = -Z'2{T^) = Z'2{H) = Z^(if') = -1 . 

Then using (9), we find that the QCD coupling constant at the weak scale is predicted to be [4] 



1 



a3{Mz) 



7.8 + — [ Agauge 



A- 



higgs 



TT 



(13) 



where 



^Agauge = ^ ln(7ri?A) « 0.8 
corresponds to the KK threshold correction from the 5D vector multiplet. 



ihiggs — 



14 



In 



/ sinh ttRMh sinh ttRMh' 



V ttRMh 



■kRMh' 



is the correction from Higgs hypermultiplets, and 



14^ 

P L 



In 



/sinh7ri?MF irRMp' 



P L 



In 



\ ttRMf^ sinh nRMp, 

( sinh tiRMt^ ttRMt^ ') 
\ -kRMt^ sinh ttRMt^ J 



+ nR{MH + Mh') 



^t,R{Mf^-Mf.) 
■kR{Mtp - Mt' ) 



is the correction from matter hypermultiplets. For the prediction (13), wc; made the usual assumption [7] that the 
theory is strongly coupled at A, so the brane gauge couplings at A are estimated as l/gg^ = 0(l/87r^). 

In order to be consistent with {l/a3{Mz))eKp = 8.55 ± 0.15, Ahiggs + Amatter are required to be not so large, which 
is a nontrivial condition for the model. A simple way to avoid a too large Ahiggs is that both Higgs hypermultiplets 
have MttR <C — 1. Then the Higgs zero modes are localized at y = ttR and 



^Ahiggs ~ -Yi^ In {^JMhMh' ttR^ w -0.45 , 



(14) 



where the final mmil)er is obtained for MhttR ~ Mh'T^R ~ —10. For matter hypermultiplets, to generate hierarchical 
4D Yukawa couplings, some kink masses should be positive, while some others are negative. If the Higgs zero modes 
are localized at y = 7ri?, the matter hypermultiplets with MttR 3> 1 have small Yukawa couplings Y suppressed by 
^-MtvR^ The above form of Amattcr shows that such hypermultiplets give a contribution of 0{MttR) = O(lnF) to 
Amattor- Then, in order for Amattcr to be small enough, one needs a nontrivial cancellation between the contributions 
from different matter hypermultiplets. A simple example realizing such cancellation is 



(15) 



for which Amatter = 0. 
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V. CONCLUSION 



In this talk, we discussed the KK threshold corrections to low energy gauge couplings from bulk matter fields 

whose zero modes are quasi-localized to generate hierarchical 4D Yukawa couplings. We presented the explicit form of 
threshold corrections in generic 5D orbifold field theory on jZ^ x Z'r^. The typical size of KK threshold corrections 
to l/g"^ is of the order of ln(F)/87r^ where Y denotes small 4D Yukawa couplings generated by quasi- localization. So 
KK threshold corrections can significantly affect the gauge coupling unification. We applied these results to some 
class of 5D SU(h^ models to find the condition to get hierarchical Yukawa couplings without spoiling the successful 
gauge coupling unification. 
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